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THERMAL STRESSES IN COMPOSITE BEAMS*

B. A. BOLEyt and R. B. TESTA

Columbia University, New York, N.Y.

Abstract-Elementary beam theory including the effects of temperature is extended to composite beams of
rectangular cross section. The validity of the theory and an estimate of the error in its use are established; the
error is small for beams with nearly axial fiber reinforcement. Bounds on the thermal stress at each point and in
each material are determined in a form especially useful for beams with a large number of uniformly distributed
fibers.

INTRODUCTION

THIS study considers the pointwise determination of stresses arising from mechanical and
thermal loading on a composite material. The objective is the determination of the validity
of expressions derived according to elementary theories when the material properties are
represented by discontinuous functions of position, as is the case in composites. In parti­
cular, the present analysis treats the fundamental problem of a composite beam of rectan­
gular cross section which deforms in a plane under axial force, bending moment and
temperature. The materials are assumed to be elastic with properties unaffected by tem­
perature and bonded to one another at all interfaces.

In the first part ofthe study, the elementary beam theory in which plane sections remain
plane is extended to composite materials. Preliminary considerations of the applicability
of this theory lead to a further restriction of the analysis to fiber reinforced materials. A
method of successive approximation of the solution according to the two-dimensional
theory of elasticity is then employed to establish the validity of this result and to obtain
an estimate of the error in its use.

The second part considers a beam to which the elementary theory is applicable, namely,
one in which the reinforcing fibers do not deviate greatly from the axial direction, under
an arbitrary temperature distribution. Pointwise bounds on the stress in a cross section
and overall bounds on the stress in each material are determined. For a case of practical
interest where there are a large number of thin fibers uniformly distributed in the beam,
these bounds are especially useful since they depend only on the extreme values of the
parameter ocET in the section and not on the details of the distribution of temperature and
materials.

ELEMENTARY BEAM THEORY

Consider a thin rectangular beam, Fig. 1, in which the coefficient of thermal expansion
oc(x, y) and the modulus E(x, y) may vary from point to point in the beam. The temperature
at any point is T(x, y). At any section, let the origin y = 0 be chosen such that

t EydA = 0 (1)

* Supported in part by the Office of Naval Research.
t Presently, Cornell University, Ithaca, New York.
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where A is the cross sectional area, and let the stress resultants be M and P. According to
the elementary beam theory in which cross sections remain plane under deformation, the
axial strain is a linear function of y,

The axial stress is then

which gives the stress resultants

:: ":'= C j l-c2Y'

p = Jt 17 ciA

M,= f YGclA
A

(2)

(3)

(4)

(5)

if ('t and ('2 are suitably chosen. Then with the aid of equation (1), the axial stress according
to the elementary beam theory becomes

G = -~ET+ [~};lJE+ [~ ~r!JEY

where

PT = f aETdA
A

(6)

M T = L~ETydA

are called the thermal force and thermal moment, respectively.
The form of equation (5) is similar to that for a beam of homogeneous material, dif~

fering only by the presence of effective extensional and flexural stiffnesses

AE = fA EdA

£/ = JEy 2 ciA.
A

The stiffness AE has been written in terms of an effective modulus E which is the usual
average modulus according to the "law of mixtures". The exact solution for an axially
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reinforced cylinder under axial load [IJ leads to this same effective modulus and one may
expect th,erefore that equation (5) will also be valid for a beam with axial reinforcing
fibers. The analysis which follows is intended not only to establish the validity of the ele­
mentary theory, equation (5), for this case, but also to determine the error in applying this
result when the geometry deviates from axial alignment of the reinforcement.

To this end, a more comprehensive formulation of the problem on the basis of a stress
function satisfying the two-dimensional equations of elasticity is employed. A solution is
then sought in the form ofa series, the first term of which corresponds to the solution by the
elementary theory, while subsequent terms give corrections or estimates of the error in the
elementary theory. Such a procedure was first proposed in [2J and subsequently employed
in [3J and [4J to establish the range of validity of the elementary beam theory for various
conditions of loading (thermal a'ld mechanical) and geometry of homogeneous beams. An
analysis of those results is useful in arriving at a formulation which isolates the essential
features of the present problem:

It has been shown that the elementary theory can be used with good accuracy if a
homogeneous beam of small aspect ratio (i.e. ratio of depth to length) complies with the
following conditions:

(a) the applied moment and axial force are smooth functions of the axial coordinate [3],
(b) the temperature is a smooth function of the axial coordinate [2J,
(c) deviations from uniform depth are small and smooth along the span [4J.

An examination of the development in [2] and [3J indicates that conditions (a) and (b) must
be imposed on non-homogeneous beams as well. Therefore they are assumed to hold in
the present problem and, in particular, the analysis will assume that P and M are constants
and that T = T(y) is a function of y alone. Condition (c) is significant in the present problem
since one may interpret the variation in geometry along the span as resulting from the
non-uniform distribution of materials in the composite. Thus the intuitive extension of
condition (c) is that the elementary theory is applicable when the geometry is nearly
uniform from section to section, which is the case mentioned previously of nearly axial
reinforcing fibers.

The formulation according to the two-dimensional theory of elasticity is carried out
for the member shown in Fig. 2, in which both the aspect ratio and the ratio of fiber thick­
ness to (he depth of the member are assumed to be small, i.e.

c
---:<1L '" ,

IV
~ 1.

c
(8)

SectIon x-x

FIG. 2.
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Consequently, the intersection of the fibers in the vicinity of the point x = y = 0 covers
a very small region in the member and need not be specified in detail. It will also suffice to
state the boundary conditions at x = ±L in terms ofstress resultants alone, since according
to St. Venant's principle the solution at some distance from the ends will not be affected
appreciably by self-equilibrating stresses on the ends. A symmetrical fiber arrangement is
chosen to simplify the calculations, and the slopes of the fibers with respect to the axial
direction in Fig. 2, ±d/L, are shown as small quantities (i.e. d < c) in anticipation of such
a restriction on the applicability of equation (5).

For a non-homogeneous but locally isotropic material, the Airy stress function in two
dimensions must satisfy the equation

(~cP.yy) -(~cP.xx) +(~cP,xx) -(~cP,yy) +2(I;V cP.XY )
,yy ,yy .xx ,xx .xy

(9)

where a comma signifies differentiation. For the given loading on the beam, the stress
function cP(x, y) is also subject to the boundary conditions

c McP(x, c) = -p-~
t t

p
cP y(x, c) = -, t (10)

cP(x, -c) = cPjx, -c) = O.

According to the method in [2J, a solution for the stress function is generated as a
formal series

(11 )

in which successive terms satisfy the equations

(12)

i ? 2

( ~cPl.yy) = -(aT),yy,yy

( ~cP2'YY) = (~cPl.XX) +(~cPl.yy).xx-2(I;V cPl'XY) -(aT),xx.yy ,yy ,xy

(~cPi'YY) .yy = (~cPi-l'XX) ,yy + (~cPi-l.yy).xx

_2(I;VcPi-l.XY) -(~cPi-2.XX)
.xy ,xx

If the leading term cPl satisfies the boundary ~onditions, equations (10), and all other terms
are subject to homogeneous boundary conditions, then equations (9) and (10) are satisfied
formally by the series in equation (11).
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(13)

The material properties appearing in these equations are discontinuous functions of
x and y for the member in Fig. 2. They can be written in the form

E(x, y) = Em + (E,-Em)V(x, y)

v(x, y) = Vm+ (v, - vm)V(x, y)

a(x, y) = am + (a, - am)V(x, y)

where

V(x, y) = 1 for (x, y) in the reinforcement

= 0 for (x, y) in the matrix.

In terms of the unit step function

U(z) = 1 for z > 0

= 0 for z < 0

(14)

(15)

which will be defined for four arguments, each vanishing at one fiber-matrix interface,
namely

the function V(x, y) becomes

U 1 = U(Zl) = U(Y+~X +~)

U2 = U(Z2) = U(Y+~X -~)

U3 = U(Z3) = U(Y-~X +~)

U4 = U(Z4) = u(y-~X -~)

(16)

(17)

Direct integration of the first of equations (12) and application of the boundary con­
ditions, equations (10), give the solution for the first term of the series in equation (11),

f y fY P +P fY fY M +M fY fY
1>1 = - aETdydy+ E- T E dy dy+-- T Ey dy dy (18)

-c -c A -c -c EI -c-c

A is the cross-sectional area 2et. From this stress function, the axial stress in the composite
member is

P+PT M+MT-aET+--_-E+ Ey.
AE EI

(19)

It is apparent that the stress (J 1x given by the first term of the series is identical to that
obtained by the elementary theory, equation (5). This conclusion could have been reached
by considering separately a composite beam subjected to thermal and mechanical axial
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forces (P and p.r> alone, or under thermal and mechanical moments (.~.,f and AI Fl. Beca usc
the analyses for the two cases are very similar, only the former will be lreated in detail
hereafter, and only the conclusions will be stated for the latter. Thus in the suhsequent
analysis M and M l' are taken to he zero In order to satisfy the latter condition at all sections
of the beam, it is necessary, when symmetry is taken into account, that the temperature
T(y) be an even function of y. Then the remaining stresses from the first term of the series
are

fy P-t p. 'Y P . -'Y

1'1 = ·-rjJI,xy = ('XET),xdY-~EJ· J E,xdy- }~'j Edy
---c .' ~--l' ~ C

(Jly = rjJI,xX = f
\ f" P+P1'f' ('(:'XETl x ,dl'd\' 1- ~ J E "Jrdv

• (. -c ,.. AE -( ,"

r fJ' fJ' P [' 'I+2_7~ E"dydy+- 1"2 J Edydy,
AE - c -c AE , - (

(20)

These stresses are identical to those obtained using the axial stress from elementary theory
in the equilibrium equations

<'(Jx ur
---+ = 0
ax 13y

ar a(Jv-+ --~ = 0,
ax Dy

c~ I)

(22)

Consequently, the solution according to the elementary theory is completely contained in
the first term rjJ I of the series, and the stresses derived from subseq uent terms will give
corrections to that theory.

The integrals appearing in equations (19) and (20) contain derivatives of the unit step
function and are evaluated formally in Appendix A, where a catalog of reference integrations
is also given for subsequent use. The detailed expressions for the stresses, equations (19)
and (20), derived from rjJl are written out in Appendix B, but as an example they are given
here for the simple case of constant T:

r P+P 1' '1 ' P+P1'
IT lx = L(Er-Eml---:4Jf'-(iXrEr-amEm)7 __ J'(x,yl+Em'-'AE '--'1mEmT

d[ P+P1' 'j .r = _._. (E -E l--~-- -('1 E -a E)T v(x \')sgn x sgn \'
1 L r m AE r r m m . '. -

(d)2[ P+P1' 1'(Jly = l~ (E,.-EnJA/r--(iXrEr·-amEm)T [/(x.y)

where

sgn z = V(z)- V( -z). (23)

Note that in contrast to the result for homogeneous materials, the thermal stresses are not
zero under uniform temperature except when iXm = iXr ,

The function rjJ 1, equation (18), can now be used in the second of equations (J 2) to
obtain the second term of the series. The axial stress (J 2x obtained from this second term
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(4)2) is given in Appendix B for a temperature 1{y), together with the dependence of the
stresses T2 and (J 2y on the slope of the reinforcement, djL. Here the result is written once
again for the case of uniform temperature:

where

B = {Er[ctr+(1+vmlctmJ-(2+vr)ctmEm}T

P+P1,
+ {(2+vr)Em-(2+vm)Er}- Air'

(24)

(25)

The values of (J Ix and (J 2x in a specific member under uniform and parabolic temperature
distributions are shown in Figs. 3 and 4.

Subsequent terms of the series, equation (11), give stresses which include successively
higher powers of the slope (djL), the ith term giving

yIe ~ 1

(Jix = o[(~ri-I]
Ti=0[(~)2i-]

(Jiy = 0[(~rl
i = 1,2,3, ... (26)

y/c'" 1 0 T(y)
-2 4 6 2

~~ 0"2x /(d/L)

To amEmTo amEmTo

S 50
am

~ 10 P~O

Em a,

v, ~ 0.2 vm~ 04
PTAE ~ 0237 am To

FIG, 3.
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It can then be concluded that the stresses in the member in Fig. 2 under axial loading are
given by the elementary theory (as expressed by equations (22)) provided the slope of the
fibers is small. An estimate of the error in this result will be given by equations (24).

A similar formulation for the stresses in the member of Fig. 2 when thermal and mech­
anical moments (M and M T ) are present leads to the same result expressed in equations (26).
Consequently, the elementary theory can be said to apply to this member under arbitrary
thermal and mechanical loading, within an error of order (d/L)2. In order to be of practical
value, the conclusions reached here must be extended to composite beams containing
many fibers. For two families of parallel fibers, symmetrically oriented with respect to the
axis of the beam, the analysis follows exactly as in the case of two fibers, but the function
V(x, y), equation (14), is given as the sum of step functions equal in number to twice the
number of fibers in a cross section. The elementary theory which gives the axial stress in
equation (5) is again found to be applicable within an error of the order of the square of the
slope of the fibers. Moreover, this latter result need not be restricted to two phase composites.
However, the second of conditions (8) now requires the ratio of total reinforcement area
to total cross sectional area to be small, so that the condition of small reinforcement volume
fraction must be imposed.

5431 -1
T(y)

To

f>l
! L

"2

(Z4'O

~ '-Z3'O

-

I ,Z2'O

t. Z1 'o -...

~, 1
c

T'01 lI,' 02 lim' 04

FIG. 4.

For other reinforcement geometries, it may be concluded intuitively that the elementary
theory will give accurate results if the deviations from the axial direction are small, but
this has not been verified in the present study. In addition, two-dimensional beam theory
has been employed which implies that the reinforcement extends over the width t as shown
in Fig. 2. In practice this situation may not be realized and it will be necessary to include
unsymmetrical bending. The result for that case is given in [5].

It has thus been shown that the elementary beam theory may be applied to fiber­
reinforced materials, not only in the obvious case of axial fibers, but also when the fibers are
inclined to the axis of the composite beam. Roughly speaking, equation (26) indicates that
the elementary theory, equation (5), will apply within an error of the order of 10 per cent
for fiber inclinations up to 15°.
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BOUNDS ON THERMAL STRESSES

1161

Given a composite beam of rectangular cross section in which the axial stress is pre­
dicted with acceptable accuracy by the elementary theory, equation (5). It is desired to
evaluate bounds on this stress

(27)'

at any point y in a given cross section under the action of a temperature T(x, y) alone (i.e.
P = M = 0) such that the function rxETis bounded as follows:

(28)

The coordinate x is omitted from equation (27) and all subsequent equations with the
understanding that a specific cross section ofthe beam is identified. For each ofthe materials
in the cross section, it is also desired to obtain overall bounds on the stress in that section

Lm ~ I1m(Y)

LM ~ I1M(Y)'
(29)

Note that there will be values of L m and LM for each material phase under a given tempera­
ture distribution.

For the present analysis, it is assumed that the materials are symmetrically distributed
with respect to the centroid ofthe cross section, so that the origin y = 0 specified in equation
(1) coincides with the centroid of the section, although the result could be generalized to
exclude this restriction.

Equation (5) may be rewritten in the form

,. fI [rr'Jl1(rr) = -r(rr)+~ -I r(O 1+ p2 d~

where the dimensionless quantities are

rr = yjc

'i = E(rr)jE

2 rI Err
2

drr E1

p = fl Edrr = c2 AE

-I

(30)

(31)

and 2c is the depth of the beam. The quantity 'i is a function of rr but can only take on
discrete values, one for each material, which is indicated by a subscript. The quantity p2,
when evaluated for a homogeneous beam (i.e. when EljAE = IjA), reduces to the dimen­
sionless radius of gyration of the section; in that case p2 = t and equation (30) simplifies
to the analogous expression in [6]. In the more general case of composite beams,

o < p2 < 1. (32)

Bounds on the stress l1(rr) can be constructed as in [6] and [7] by maximizing both terms in
equation (30). The first term is dealt with directly by equation (28), while the integral in the
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second term is bounded by replacing T in the integrand by its maximum or its minimum
value, depending on the sign of the portion of the integrand in brackets throughout the
range of integration - I :s ( :s 1. Three cases arise, depending on the location IJ within
the cross section of the point where the bounds on (J(IJ) are sought:

[- l(j
1+) >0 (33a)

[ 17(]
1+,) > 0

>0
p" v

-- < I, :s 1

IJ

(33b)

(33c)

The maximum and minimum stresses at any point in the center portion of the section,
equation (33b), may be determined by substituting TM and - Tm, for T(IJ) in equation (30)
which gives

(JM(IJ) = Tm+rjTM

(Jm(lJ) = -- TM - rjTm
(34)

The procedure is repeated for points in the remaining portions of the cross section, but the
range of integration must be separated into the ranges specified by equation (33a) or
equation (33c). After substituting the bounds on T(IJ) and carrying out the integrations,
the result may be written in the form

(35)

For the particular case when pI = 1(which corresponds to EllAE = IIA), the variation
of the upper and lower bounds with location in the cross section is shown by the solid
line in Fig. 5. Note that the value of (JM or (Jm at a point IJ may be evaluated from Fig. 5
only when the value of ri at that point is known-i.e. when it is known which material
occupies the point in question.

When the temperature is known to be symmetric or antisymmetric, improved bounds
can be obtained by first simplifying equation (30). Thus when T(y) is symmetric (M T = 0)
the bounds become

alll(lJ) = Tm+ riTM

(Jm(lJ) = -TM-riTm
(36)
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15

-Eqs.(34),(35)

---- Eq. (36)

--Eq(37)

and when T(y) is antisymmetric (PT = 0), so that 'm = 'M' they are

(37)

These bounds are also shown in Fig. 5 for the case p2 = l
Overall bounds, equation (29), on the stress in any material in the section can be ob­

tained by noting that the bounds 17M(ry) and 17m(ry) increase monotonically in magnitude with
Iryl. Consequently, the largest value of Iryl identified with a material ri may be used in equa­
tions (34) or (35) to determine the overall bound for that material. Alternatively, wider
bounds may be obtained more readily by evaluating equations (35) at the extreme fiber
ry = 1 for each value of r i • The overall bounds become

1( 2 1)= - 2+p +-4 p2

(38)
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(39)

(41)

which reduce to the value 1given in [6J and [7J for homogeneous beams (rj = 1, p2 = :~).

Similarly, the overall bounds corresponding to equations (36) for a symmetric temperature
distribution are

LM+'m(ri-1)= _ [Lm-'M(ri-1)]= 1

rj('M + 'm) ri('M + 'm)

and from equations (37) for antisymmetric temperatures,

LM+'m(rj-1) =_[Lm-'M(ri-1)] =~(2+~)' (40)
r;(rM+'m) ri('M+'m) 4 p2

An example of the evaluation ofthe bounds is given in Fig. 6 for the parabolic tempera­
ture distribution in Fig. 4, which gives

'M = 0·7975 fY.rErTo·

Note that 'M is the value of, at 1171 = 0·45 even though the maximum temperature occurs
at 17 = 0, which illustrates the overriding effect of the material parameters relative to the
temperature in identifying the values 'M and 'm' equation (28). In a case such as this, where
the distribution of materials and temperature are known precisely, values of 'M and 'm
might be determined for each of the materials in the cross section and the evaluation of
bounds from equation (30) would then utilize this additional information. However the
present simpler form of the bounds makes them especially useful for certain composites of
practical interest in which the locations of reinforcing materials are not known precisely.
It is only necessary that the given volume fraction of reinforcement consist of a large
number of fine fibers uniformly distributed in the beam. For then, the quantity p2, equation
(31), approaches the value t (i.e. E1 -+ £1), and the bounds are given in Fig. 5 without
further knowledge of the locations of materials.

207'

r
~----;I

- 0

- 207

'-----...... -1

r 7 --Eq (36)
I I
I I ---- Eqs (34),(35)

l-ycY'a-I M
I ~-...-----

'Al. 1~==~/-,7, ...._--
I V
I

p2

~,

-10 1 2 '1 30 40 cY

amE

cY~~~1
\
\ A

.t;~____ AI ---=-~~
\ r

I
\

T(7]) , T (1-7]2)\I \
I \ E, /E m ' 50l -,

am/a, ' 10

E ' 59 Em

FIG. 6.
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No general statement can be made concerning the proximity ofthe bounds to the actual
stresses in a composite beam, because this will depend strongly on the temperature dis­
tribution, the distribution of materials and the relative magnitudes of the material para­
meters. Thus, if these were such that the quantity r(y) were constant in the section, the
bounds would coincide with the values given by the elementary theory.

In this part of the study, bounds have been derived for the stress resulting from an arbi­
trary temperature distribution in a composite beam to which the elementary theory is
applicable. There is no restriction on the number of materials in the composite, but for
convenience a symmetric distribution was considered. The bounds are given in the form
of two results: firstly, the maximum stresses which may occur at any point, and secondly,
the maximum stress which may occur in each material in a given cross section. These reduce
to the values in [6J and [7J for homogeneous materials. A column analogy of the type
developed in [7J for the calculation of the bounds could also be established here but it
appears to be more useful for beams of general rather than rectangular configuration [5].
Finally, the present results can also be applied to cylindrical bending of plates by sub­
stituting E/O- v2

) for E, and (1 +v)a for IX in the final expressions.
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APPENDIX A

Integrations of the function V(x, y) can be carried out without difficulty. However,
there arise also integrations ofderivatives of this function with respect to x and their evalua­
tion might be effected by employing delta functions. Alternatively, the unit step functions
may be approximated by

U(z) = to + tanh N z) N ~ 1 (AI)

in evaluating the integrals and then the limit N -> 00 taken. Thus if

z = y+ax+b

Zo = -c+ax+b
one finds

f
y aU(z)
-c~ dy = a[U(z)- U(zo)J

f
y fY a2U(z) .
-c -c~dydy = a

2
[U(z)- U(zo)].

(A2)

(A3)
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Using equations (A3) and/or direct integration and/or integration by parts, the follow­
ing integrals can be evaluated. The values given here reflect the fact that each of the argu­
ments Zi is negative at y = -(' so that the step functions of equations (16) are zero at that
point.

Jy (d) 2 4
-c ~xxT(y)dy = - L JI (_l)i-I~.y

J
y JY 1 4 .

-c -c V(x, y) dy dy = 2i~1 (-IY- IztU i

The notation in these expressions is

~ = T(y)!z, = 0

where zi(i = 1 ... 4) are the arguments in equations (16) of the text.

APPENDIX B

(A4)

(AS)

Using the results in Appendix A and the expressions in equations (13), the stresses,
equations (19), obtained from the function ¢ I and assuming that T is a function of y only
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become

[
P+~ ]O"lx = (Er-Em) AE -(tXrEr-tXmEm)T(y) V(x,y)

P+PT
+ Em AE - tXmEmT(y)

I i67

4

I (-I)i- 1 U;('I;-z/I;)
i= 1

In these expressions, 1; and 1;,y are the quantities defined in Appendix A, equations (AS).
It should be noted that these results apply when the thermal conductivities of the two

materials are equal. When they are unequal, the temperature will still be continuous across
interfaces between the two materials, but the derivative T,y will not be continuous. The
derivation of equations (Bl) remains the same, but the result will contain the quantities
T,y evaluated on either side of the interfaces Zi = O.

Two integrations of the second of equations (12) give the axial stress from the term cPl
in the form

O"lx = E(X,y{fefe (iO"lX),xx dydy+2 fe (I;V r1Ldy

- fere tX,xxTdYdy+co+C1Y] +V(X'Y)O"lY'

The constants of integration Co and clare to be evaluated from the conditions

fe O"lxdy = 0

fe O"lxY dy = 0

(B2)

(B3)
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and the stresses !2 and a2y may be determined from the equations of equilibrium once
a2x is evaluated. After substituting equations (Bl) and making use of the results in Appendix
A, equations (B2) give

(B4)

where

4

-[(1+vr),xr -(I+vm),xmJ L (-1)i-1V;CI;-ziJ";)
j= 1

V I(T1 - Z1T1,y)- V 2(T1- Z2 T1,y) + V 3(T3- Z3 T3,y)

- V 4(T3- Z4 T3,y)

- V(x)V 3[T1- T2+(T1,y- T2)Z3J + V(x)V4[T1- T2

+(T1,y- T2)Z4J

- V( - x)V I[T3- T4+(T3,y- T4,y)ZIJ + V( -x)V2[T3- T4

+ (T3 ,y - T4 ,y)z2J

+2(1+ vm) ±(_ l)i - 1V .(T _ z.'f )
Em i= 1 I I I I,y

2 [ Er-Em] ~ . 1 2(2+vm)(y+C) - (vr-vm)-2(1+vm) Em i~1 (-1Y- Zj Vi

Em Jl (-1)i-1ZPi(Y+C-¥)

1 4
B = - L (_l)i-Iy. [Z2 Z2

3 4
i
=1 I,y +(Er-Em) ;(V 1-V2)+;(V3-V4)

+4(I+Vr_l+Vm)
Er Em w2

+"2(V2 + V 4)+WV(X)(Z3 V 3 -Z4V 4)

Em[(y+c)(V 1 - V 2 - V 3+ V 4)

_(I+Vr_l+Vm) -ZIVI+Z2V2+Z3V3-Z4V4J

Er Em +(Er-Em)w[V(-X)Ul-V(X)U2

- V(X)V 3 + V 4(V(X)+ I)J
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(B5)

P+PT ~ i-1
B4 = (E.-Em) AE V(x,y)-(!X.E.-!XmEm)i~l (-1) U;(,I;-ZiT;)

l(E.- Em)(T1 - T2- T3+ T4)(Zl U1-Z2U2-Z3 U3+Z4U4)]
!X.E. - !XmEm

+ [E -E 4 E ] 4cE • m L (-1)i-1 ZfU i +----.!!!(y+C)2 L (-1)i-1T;,y
4 i= 1 4 i= 1

The constants Co and C1 in equation (B2) can be shown to be of order (d/L)2 by employing
equations (B3), and have accordingly been rewritten with this factor in equation (B4).
Because ofthe complexity of equation (B4), the constants have not been evaluated explicitly
(except for the case T = constant, equations (22)) but they can be determined numerically
to satisfy equations (B3). For illustration, the axial stress distributions IT 1x and IT2x are
shown in Figs. 3 and 4 for constant and parabolic distributions of temperature in a member
with specified geometry and materials. In the latter, the constants Co and c1, equation (B4)
were found to be -O·255!XmTo and O'307!XmTo/c, respectively.

The stresses lTyand" arising from the second term (c/>2) ofthe series have not been shown
explicitly. Using the equations of equilibrium and equation (B4), it can be shown that

"2 = o[(~rJ

lT2y = o[(~rJ
(B6)

It should be emphasized that the expression fo~ lT2x has been evaluated here only to
verify in Figs. 3 and 4 that the magnitude of this term is characterized by the coefficient
(d/L)2. The complexity of this expression would preclude its general use to obtain more
accurate values of the stress.

(Received 22 November 1968)

A6cTpaKT-PaCllIHpaeTCli 3neMeHTapHali TeopHli 6anOK, C y'leToM 3«p«peKToB TeMrrepaTyphI Ha cnOlKeHHhIe
6anKH rrpliMoyronbHoro rrorrepe'lHoro ce'leHHlI. Orrpe.QenlilOTCli 06naCTb BalKHOCTH TeopHH H Ol.\eHKa
rrorpellIHOCTH. norpeUIHOCTb OKa3hIBaeTCli Manall ,Qnll 6anKH C rrO'lTH oceBb1M yCHneHHeM BonOKHaMH.
Aa IOTCli rrpe.Qenb1 TepMH'IecKHX HarrplilKeHHli: B KalK.Qoli: TO'lKe H KalK.QOM MaTepHane, B «popMe Crrel.\HanbHO
rr pHro.QHOli: ,Qnll 6anKH C 60npUIHM 'IHCnOM O.QHOMepHO pacrronOlKeHHb1X BonOKOH.


